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6.635 Solution to Problem Set 4

Solution P4.1
In region 0, z > 0

E0z =
∫ ∞
−∞

dkρ(1−RTM0t )(
iIlk2

ρ

8πωε0
)eik0zzH(1)

1 (kρρ) cosφ

H0z =
∫ ∞
−∞

dkρ(1 +RTE0t )(
iIlk2

ρ

8πk0z
)eik0zzH(1)

1 (kρρ) sinφ

In region t, z < 0

Etz =
∫ ∞
−∞

dkρ(1−RTMt0 )(−
iIlk2

ρ

8πωεt
)e−iktzzH(1)

1 (kρρ) cosφ

Htz =
∫ ∞
−∞

dkρ(1 +RTEt0 )(
iIlk2

ρ

8πktz
)e−iktzzH(1)

1 (kρρ) sinφ

Using Saddle Point method,

Etz =
√

2π
iktr

eiktrkt cos θ(1−RTMt0 (θ))(−iIlk
2
t sin2 θ

8πωεt
) cosφ

√
2

πktr

1
sin θ

e−i
3π
4

=
2
r
eiktr cos θ sin θ · i Ilk

2
t

8πωεt
(1−RTMt0 (θ)) cosφ

Htz =
√

2π
iktr

eiktrkt cos θ(1 +RTEt0 (θ))(i
Ilk2

t sin2 θ

8πkt cos θ
) sinφ

√
2

πktr

1
sin θ

e−i
3π
4

= −2
r
eiktr sin θ · kt · i

Il

8π
(1 +RTEt0 (θ)) sinφ

In the far field, r >> 1

< S > ·r̂ =
1
2
(
Il

4πr
)2(ktωµ0)[|1−RTMt0 (θ)|2 cos2 θ cos2 φ+ |1 +RTEt0 (θ)|2 sin2 φ]

In the plane perpendicular to the dipole: φ = π
2

< S >r∝ |1 +RTEt0 (θ)|2

When k0 = kt sin θ , 1 +RTEt0 (θ) = 2 . Then sin θ = k0
kt

=
√

ε0
εt
⇒ θ is critical angle.

In the plane containing the dipole: φ = 0

< S >r∝ |1−RTMt0 (θ)|2 cos2 θ

Let (< S >r)′ = 0⇒ sin2 θ = 2
1+

εt
ε0

⇒ θ = sin−1
√

2
1+

εt
ε0

Solution P4.2
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The saddle point is determined by sin(αR − α0) = 0 ⇒ α = α0 is the saddle point.

cos(αR − α0 + iαI) = cos(αR − α0)coshαI − i sin(αR − α0)sinhαI

The convergence condition is
sin(αR − α0)sinhαI < 0

and the steepest descent path is determined by t

cos(αR − α0)coshαI = 1

Near the saddle-point, an expansion gives

(αR − α0)2 − α2
I ≈ 0

Because of the convergence condition, we have

αR − α0 = −αI

and the path is tilted with slope −1.
As αI → ∞, coshαI → ∞, we must have cos(αR − α0) → 0 ; therefore, αR → α0 − π/2.

Whereas αR → α0 + π/2 as αI → −∞. The steepest descent path Γ1 is depicted in Figure 1.

Next assume k = kR + ikI has a small imaginary part kI . Since ξ = kρ = (kR + ikI)ρ , the
steepest descent path is now determined by

cos(αR − α0)coshαI +
kI

kR
sin(αR − α0)sinhαI = 1

Near α = α0

α2
I + 2

kI
kR

(αR − α0)αI − (αR − α0)2 = 0

and for the integral to converge

αI = −(kI + |kR|)(αR − α0)/kR

Thus, the slope of the SDP is negative and steeper than the slope of Γ1 . Note that αI reduces to
that of the lossless case when kI = 0 . As αI →∞, coshαI → sinhαI →∞, then

cos(αR − α0) +
kR
kI

sin(αR − α0)→ 0

αR → α0 − tan−1 kR
kI

= α0 − (π/2− δ)

where tan δ = kI/kR, and that as αI → −∞ ,

αR → α0 + (π/2− δ)

The steepest descent path Γ2 is shown in Figure 1.


