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6.635 Solution to Problem Set 2

Solution P2.1
(a) In the laboratory frame, we obtain

CEB = L
−1

6 C
−1

EBL6

= γ2




p′−β2q′ 0 0 �′(1− β2) β(−p′ + q′) 0
0 (p′ − q′β2) 0 β(p′ − q′) �′(1− β2) 0

0 0
p′

γ2
0 0

�

γ2

−�′(1−β2) −β(p′ − q′) 0 (−p′β2 + q′) 0 0
β(p′−q′) −�′(1− β2) 0 0 (−p′β2 + q′) 0

0 0
−�
γ2

0 0
q

γ2




(b) For a biaxial medium in its rest frame S′

ε
′ =


 ε′x ε′y

ε′z




C
′
EB =

[
cε
′ 0

0
1
cµ′

I

]
.

By brute force matrix multiplication, in ways exactly the same as done previously for the
moving biisotropic medium, we obtain

CEB = γ2·


cε′x− β2

cµ′ 0 0 0 β(−cε′x + 1
cµ′ ) 0

0 cε′y − β2

cµ′ 0 β(cε′y − 1
cµ′ ) 0 0

0 0 cε′z
γ2 0 0 0

0 β(−cε′y + 1
cµ′ ) 0 −cε′yβ2 + 1

cµ′ 0 0
β(cε′x− 1

cµ′ ) 0 0 0 −β2cε′x + 1
cµ′ 0

0 0 0 0 0 1
γ2cµ′




We notice that both moving biisotropic medium and moving biaxial medium are bianisotropic.

Solution P2.2

(a) In E H representation

D = ε · E + ξ ·H (1)

B = ζ · E + µ ·H (2)

where

ε =


 ε 0 0

0 ε 0
0 0 εz


 , ξ =


 0 ξ 0
− ξ 0 0
0 0 0


 , ζ =


 0 −ξ 0
ξ 0 0
0 0 0


 , µ =


µ 0 0

0 µ 0
0 0 µz


 .
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From (1)−ξ · µ−1· (2) we get

D − ξ · µ−1 ·B = (ε− ξ · µ−1 · ζ) · E

Thus

E = (ε− ξ · µ−1 · ζ)−1 ·D − (ε− ξ · µ−1 · ζ)−1 · ξ · µ−1 ·B

Similarly

H = −(µ− ζ · ε−1 · ξ)−1 · ζ · ε−1 ·D + (µ− ζ · ε−1 · ξ)−1 ·B

Comparing with D B representation

E = κ ·D + χ ·B
H = γ ·D + ν ·B

where

κ =


κ 0 0

0 κ 0
0 0 κz


 , χ = γ

+ =


 0 χ 0
− χ 0 0
0 0 0


 , ν =


 ν 0 0

0 ν 0
0 0 νz


 .

Thus from

κ = (ε− ξ · µ−1 · ζ)−1 =


 1/(ε− ξ2/µ) 0 0

0 1/(ε− ξ2/µ) 0
0 0 1/εz


 ,

χ = γ
+ = −(ε− ξ · µ−1 · ζ)−1 · ξ · µ−1 =


 0 −ξ/(εµ− ξ2) 0
ξ/(εµ− ξ2) 0 0

0 0 0


 ,

ν = (µ− ζ · ε−1 · ξ)−1 =


 1/(µ− ξ2/ε) 0 0

0 1/(µ− ξ2/ε) 0
0 0 1/µz


 .

Then

κ =
1

ε− ξ2/µ, κz =
1
εz
,

χ =
−ξ

εµ− ξ2 ,

ν =
1

µ− ξ2/ε, νz =
1
µz
.

For type I wave, when ky = 0 , the dispersion relation is

k2
x +

ν

νz
k2
z −

(ω − χkz)2
κνz

= 0
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Substitude ν, νz, χ and κ we get

k2
x +

µz
µ− ξ2/εk

2
z − (ω +

ξ

εµ− ξ2kz)
2µz(ε−

ξ2

µ
) = 0

Thus

k2
x +

µz
µ

(kz − ωξ)2 = ω2µzε

Similarly, the dispersion relation for type II wave can be proved.
(b) For the critical angle we have kxt = 0 thus

ν

νz
k2
z −

(ω − χkz)2
κνz

= 0

so the tangential wave vector will be

kzc1 =
ω

χt +
√
κtνt

or

kzc1 =
ω

χt −
√
κtνt

and the corresponding incident kx will be

kxc1 =

√
(ω − χkzc1)2

κνz
− νk2

zc1

νz

or

kxc2 =

√
(ω − χkzc2)2

κνz
− νk2

zc2

νz
.

Thus the critical angle will be

θc = arctan
kzc1
kxc1

or

θc = arctan
kzc2
kxc2

.

For the incident angle θ in region 0 we have k = kz
sin θ , substitude it into the dispersion relation

ω = χkz + ck/n we get
kz =

ω

χ+ c/n sin θ
.

Using (ω − χtkz)2 − κtνtk2
z ≤ 0 we have

(ω − χt
ω

χ+ c/(n sin θ)
)2 − κtνt(

ω

χ+ c/(n sin θ)
)2 ≤ 0
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For κtνt ≈ c2

n2 we get

(ω − χt
ω

χ+ c/(n sin θ)
)2 − c2

n2
(

ω

χ+ c/(n sin θ)
)2 ≤ 0.

Thus
1− χt

χ+ c/(n sin θ)
≤ c

n(χ+ c/(n sin θ))

So
sin θ ≥ c/n

c/nt + χt − χ

Substitude χ ≈ cβ(1− 1
n2 ) and χt ≈ cβt(1− 1

n2
t
) we get

sin θ ≥ nt/n

1 + ntβt(1− 1/n2
t )− ntβ(1− 1/n2)

.


