
1

6.632 Solution to Problem Set 5

Solution P5.1

(i)

I = x̂x̂+ ŷŷ + ẑẑ

∇ · I = ∂xx̂ · x̂x̂+ ∂yŷ · ŷŷ + ∂z ẑ · ẑẑ = ∇

(ii)
∇ · (∇×∇×G− k2G) = ∇ · (Iδ(r̄ − r̄′))

−k2∇ ·G = ∇δ(r̄ − r̄′)

(iii)
Making use of

∇×∇×G = ∇∇ ·G−∇2G

we change (∗) to
(∇2 + k2)G = −Iδ(r̄ − r̄′) +∇∇ ·G

(iv)
From (ii),

∇ ·G =
1
−k2

(∇δ(r̄ − r̄′))

Plug in (iii),

(∇2 + k2)G = −Iδ(r̄ − r̄′) +∇(
1
−k2
∇δ(r̄ − r̄′))

(∇2 + k2)G = −
(
I +

1
k2
∇∇

)
δ(r̄ − r̄′)

Solution P5.2

(a) Finding E Field produced by J1 = x̂Ilδ(r) and J2 = ŷiIlδ(r) :

E =iωµ
[
I +

1
k2
∇∇

]
·
∫ ∫ ∫

dV ′
eik|r−r

′|

4π|r − r′|(x̂+ iŷ)Ilδ(r′)

=iωµIl
[
(x̂+ iŷ) +

1
k2
∇∇ · (x̂+ iŷ)

]
eikr

4πr

=iωµ
Il

4π

[
(x̂+ iŷ) +

1
k2
∇

(
∂

∂x
+ i

∂

∂y

)]
eikr

r

In spherical coordinates the vector (x̂+ iŷ) is

x̂+ iŷ =r̂ sin θ (cosφ+ i sinφ) + φ̂ (i cosφ− sinφ) + θ̂ (cosφ+ i sinφ) cos θ

=r̂eiφ sin θ + θ̂eiφ cos θ + φ̂ ieiφ
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Some operations on (eikr/r)

∂

∂x

(
eikr

r

)
= sin θ cosφ

(
ik − 1

r

)
eikr

r

i
∂

∂y

(
eikr

r

)
= i sin θ sinφ

(
ik − 1

r

)
eikr

r(
∂

∂x
+ i

∂

∂y

) (
eikr

r

)
= eiφ sin θ

(
ik − 1

r

)
eikr

r

The electric field E is

E(r) = iωµIl

{
r̂

[
eiφ sin θ + eiφ sin θ

1
k2

(
−k2 − 2ik

r
+

2
r2

)]

+θ̂
[
1 +

i

kr
− 1
k2r2

]
eiφ cos θ + iφ̂

[
1 +

ik

kr
− 1
k2r2

]}
eikr

4πr

= −η ikIle
ikr

4πr
eiφ

{
r̂

[
i

kr
+

(
i

kr

)2
]

2 sin θ

−θ̂
[
1 +

i

kr
+

(
i

kr

)2
]

cos θ − φ̂i
[
1 +

i

kr
+

(
i

kr

)2
]}

(1)

(b) In the far field on the x-y plane (θ = π/2) , equation (1) becomes

E(r) = η
ikIleikr

4πr
eiφ(φ̂i) = −φ̂ηkIl e

ikr

4πr
eiφ

On the x-y plane k = kρρ̂ (radial direction) and r = ρ

E(r, t) = Re
{
−φ̂ηkρIl

4πρ
eikρρeiφe−iωt

}
= −φ̂ηkρIl

4πρ
cos(ωt− φ− kρρ)

Thus E is linearly polarized.

(c) In the far field on the x-y plane, θ = π/2 , < S >ρ= η
2

(
kIl
4πr

)2
. Thus, the radiation pattern in

x-y plane is a circle.

(d) For θ = 0◦ and in the far field, E = η iklIe
ikr

4πr eiφ
{
θ̂ + iφ̂

}
. Thus, the electric field E is right

hand circularly polarized.

(e) < S >z= ẑ2η2
(
kIl
4πr

)2
. Thus, the radiated power density in ẑ is twice that in x̂ direction.

Solution P5.3

(a) J(r) = ẑIoe
ikzzδ(x)δ(y) = ẑIoe

ikzz δ(ρ)
2πρ .

Let E(r) = [I + 1
k2∇∇] · g(ρ, z) , then (∇2 + k2)g(ρ, z) = −ẑ iωµIo2πρ e

ikzzδ(ρ) .

Let g(ρ, z) = ẑg(ρ)iωµIoeikzz , we have [1ρ
d
dρ(ρ

d
dρ)−k2

z+k
2]g(ρ) = − δ(ρ)

2πρ which has the solution

g(ρ) = i
4H

(1)
0 (kρρ) , where k2

ρ = k2 − k2
z .

Then we can get E(r) = − Io
4ωεe

ikzzkρ[ẑkρH
(1)
0 (kρρ)− ρ̂ikzH(1)

1 (kρρ)] .
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Correspondingly, H(r) = −φ̂ iIokρ4 H
(1)′

0 (kρρ)eikzz .

For far field, H(1)
0 (kρρ) ≈

√
2

πkρρ
ei(kρρ+kzz−π/4) , thus

E(r) ≈ Io
4ωε

√
2kρ
πρ [ρ̂kz − ẑkρ]ei(kρρ+kzz−π/4) ,

H(r) ≈ φ̂ Io4
√

2kρ
πρ e

i(kρρ+kzz−π/4) .

(b) Re {E ×H∗} = I2o
16ωε

2|kρ|
πρ (ẑkz + ρ̂kρ) = Io|kρ|

8ωεπρ(ẑkz + ρ̂kρ) .
If kz > k , then kρ becomes imaginary, so Poynting power is only in ẑ direction.

(c) For k > kz , the phase front looks like a cone. For k < kz , the phase front is perpendicular to
ẑ .


