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Problem P5.1

The inner product or dot product between two column vector A and B , each repre-
sented as a n× 1 matrix a and b can be expressed as

A ·B = aT b

and the outer product between A and B can be expressed as

AB = abT

Let A = (x̂+ ŷ + ẑ) , so whereas

A ·A = 3

is a scaler, the outer product of the two vector:

AA

gives 

x̂x̂ x̂ŷ x̂ẑ

ŷx̂ ŷŷ ŷẑ

ẑx̂ ẑŷ ẑẑ




Each column of the resulting dyadic can be view as a vector and operators that operate
on the dyadic operate in a column-wise fashion:

∇ · C = ∇ ·



C11x̂x̂ C12x̂ŷ C13x̂ẑ

C21ŷx̂ C22ŷŷ C23ŷẑ

C31ẑx̂ C32ẑŷ C33ẑẑ


 = (∇ · C ,1)x̂+ (∇ · C ,2)ŷ + (∇ · C ,3)ẑ

(i) Show that ∇ · I = ∇
(ii) By taking the divergence of the equation

∇×∇×G− k2G = Iδ(r − r′) (P1)

show that
−k2∇ ·G = ∇δ(r − r′)



(iii) Expand (P1), show that

(∇2 + k2)G = −Iδ(r − r′) +∇∇ ·G
(iv) Combine part (ii) and (iii), show that

(∇2 + k2)G = −
(
I +

1
k2
∇∇

)
δ(r − r′)

and hence by writting G =
(
I + 1

k2∇∇
)
g , all we need to solve is the scaler equation

(∇2 + k2)g = −δ(r − r′) .

Problem P5.2

A turnstile antenna consists of two Hertzian dipoles positioned at right angles to each
other with constant current distributions given by

J1 = x̂Ilδ(r) and J2 = ŷiIlδ(r)

respectively.
(a) Show that the electric field produced by this antenna is

E = −η ikIle
ikr
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(b) Find the total electric field in the far-field (kρρ � 1) in the x-y plane with θ =
π/2. Show that the real space-time dependence of the electric field is of the form
cos(ωt− φ− kρρ). Note that

x̂ = r̂ cosφ sin θ − φ̂ sinφ+ θ̂ cosφ cos θ

ŷ = r̂ sinφ sin θ + φ̂ cosφ+ θ̂ sinφ cos θ

What is the polarization of the radiated wave in the x-y plane?
(c) Find the radiation power pattern in the x-y plane.
(d) Find the total radiated electric field on the z axis. What is the polarization of the

radiated wave in the ẑ direction?
(e) Calculate the power density radiated in the +ẑ direction in the far field and compare

it with the radiated power density in the +x̂ direction.

Problem P5.3

(a) Find the far field electric and magnetic vectors due to a line current source with
I(z) = I0e

ikzz , placed along the z axis in free space.
(b) Evaluate the real part of the complex Poynting’s vector in the far field. What happens

if kz > k ?
(c) Determine the equi-phase surfaces (phase fronts) in the far field, both for k − z < k

and kz > k . Is the real part of the Poynting’s vector normal to the equi-phase surfaces?


